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Abstract

In a recent paper [“Paretian Welfare Judgements and Bergsonian Social Choice,”
Economic Journal, Vol. 109, 1999, pp. 204-220], Suzumura proposed a possible way
of relating the two schools of “new” welfare economics. According to his proposal,
the logical possibility of the Paretian “new” welfare economics can be reduced to the
constrained dual choice-functional recoverability of the Pareto-compatible Bergson-
Samuelson social welfare ordering by means of the Pareto-compatible and consistent
sub-relations thereof. He also identified the necessary and sufficient condition for
this crucial property to hold. However, he posed but left open the problem of the
constrained dual choice-functional recoverability of the Pareto-compatible Bergson-
Samuelson social welfare ordering by means of the Pareto-compatible and transitive
sub-relations thereof. The first purpose of this paper is to settle this open question.
The second purpose of this paper is to pose and settle related problems of the con-
strained dual relational recoverability of the Pareto-compatible Bergson-Samuelson
social welfare ordering by means of the Pareto-compatible and either consistent or

transitive sub-relations thereof.

[JEL Classification Numbers: C60, D60, D70]



1 Introduction

A binary relation on the universal set of alternatives is said to be compatible with
another binary relation on the same universal set of alternatives if all the pairwise
information conveyed by the former relation are fully consistent with those conveyed
by the latter relation. Recent years have witnessed several notable developments in
our understanding on the exact relationships which hold between a binary relation
and its compatible sub-relations.

To begin with, building on the work of Banerjee and Pattanaik (1996) and Don-
aldson and Weymark (1998), who started from a quasi-ordering and examined the
exact retrievability of all the information thereby conveyed in terms of its compatible
ordering extensions, Suzumura and Xu (2002) started from an ordering and examined
the exact retrievability of all the information thereby conveyed in terms of the com-
patible sub-relations thereof. To precisely capture their problems, Suzumura and Xu
(2002) proposed two notions, viz., dual choice-functionally recoverability and dual re-
lational recoverability. An ordering is dual choice-functionally recoverable in terms of
compatible sub-relations thereof if and only if, for each and every opportunity set, the
greatest set in accordance with the given ordering can be exactly retrieved by defining
the maximal sets in accordance with each and every compatible sub-relations thereof,
and taking their set-theoretical intersection. Likewise, an ordering is dual relational
recoverable in terms of compatible sub-relations thereof if and only if the ordering
exactly coincides with the set-theoretical union of all the compatible sub-relations
thereof.

In many contexts, the class of admissible compatible sub-relations is constrained
by some conditions emanating naturally from the nature of the problem at hand,
along with the condition of logical coherence such as transitivity and consistency. In
such cases, the problems identified by Suzumura and Xu (2002), may be called the
constrained dual choice-functional recoverability and constrained dual relational re-
coverability. In this context, there is a recent development in relation to one specific
interpretation of the logical nature of “new” welfare economics proposed by Suzu-
mura (1999). Recollect that there are two identifiable schools of thought within the
portmanteau catchword of “new” welfare economics. On the one hand, the compen-
sationist school a la Kaldor (1939), Hicks (1940), Scitovsky (1941), Samuelson (1950)
and Gorman (1955) endeavoured to expand the applicability of the Pareto principle

by introducing hypothetical compensation payments between gainers and losers from



a change in economic policy. The gist of this school of thought was best captured by
Graaff (1957, pp.84-85), according to whom “[t]he compensation tests all spring from
a desire to see what can be said about social welfare ... without making interpersonal
comparisons of well-being ... . They have a common origin in Pareto’s definition of
an increase in social welfare ... but they are extended to situations in which some
people are made worse off.” On the other hand, the Bergson-Samuelson school a la
Bergson (1938) and Samuelson (1947, Chapter 8; 1981) introduced the concept of a
social welfare function with the purpose of going beyond the Pareto quasi-ordering
and implementing an ethical norm in the form of a full social welfare ordering. In
Arrow’s (1951, p.108) parlance, “[the] ‘new welfare economics’ says nothing about
choices among Pareto-optimal alternatives. The purpose of social welfare function
was precisely to extend the unanimity quasi-ordering to a full social ordering.” As a
contrivance for extending the applicability of the Pareto principle to the situations of
interpersonal conflict, these two schools have something in common, but their exact
relationship seems to have been left unexplored in the literature. Suzumura (1999)
proposed one specific way of connecting the two schools of “new” welfare economics by
reducing the logical nature of the Paretian “new” welfare economics to the possibility
of constrained dual choice-functional recoverability of the Pareto-compatible Bergson-
Samuelson social welfare ordering by means of the Pareto-compatible and consistent
sub-relations thereof. In so doing, he also identified the necessary and sufficient con-
dition for this property to hold. However, he posed but left open the problem of the
constrained dual choice-functional recoverability of the Pareto-compatible Bergson-
Samuelson social welfare ordering by means of the Pareto-compatible and transitive
sub-relations thereof.

The purpose of this paper is two-fold. First, we settle the above open question.
Secondly, we pose and settle the related problems of the constrained dual relational
recoverability of the Pareto-compatible Bergson-Samuelson social welfare ordering
by means of the Pareto-compatible and either consistent or transitive sub-relations
thereof.

The organization of this paper is as follows. In Section 2, we lay down basic
notations and definitions. Section 3 formulates the problems of constrained dual
choice-functional and dual relational recoverability of an ordering. Section 4 presents

our main results and their proofs. Some concluding remarks are given in Section 5.



2 Basic Notations and Definitions

Let X be the universal set of alternatives with 3 < #X. A binary relation on X
is a subset R of X x X. For all z,y € X, (z,y) € R may be alternatively written
as tRy. An ordering R on X is a binary relation that satisfies reflexivity : for all
x € X, (z,x) € R, transitivity : for all x,y,z € X, [(x,y) € R and (y, z) € R| implies
(x,2z) € R, and completeness : for all distinct z,y € X, (z,y) € R or (y,x) € R.
When R satisfies reflexivity and transitivity, we say that R is a quasi-ordering.

For any binary relation R on X, let P(R) and I(R) denote, respectively, the
asymmetric part of R and the symmetric part of R, which are defined by P(R) =
{(2,y) € X x X|(z,y) € R& (y,2) ¢ R} and I(R) = {(z,5) € X x X|(x,y) €
R & (y,x) € R}. When R denotes a weak preference relation on X, viz., (z,y) € R
means that z is at least as good as y, P(R) and I(R) denote, respectively, the strict
preference relation and the indifference relation corresponding to R.

For any binary relation R and any subset S of X, an element z € S is an R-
mazximal element of S if (y,x) € P(R) holds for all y € S. The set of all R-maximal
elements of S is the R-mazimal set of S, to be denoted by M (S, R). Likewise, an
element x € S is an R-greatest element of S if (x,y) € R holds for all y € S. The set
of all R-greatest elements of S is the R-greatest set of S, to be denoted by G(S, R).

For any binary relation R on X, a binary relation R* on X is called an extension
of R if and only if R C R* and P(R) C P(R*) hold. When R* is an extension of R,
R is called a compatible sub-relation of R*.

A binary relation R is consistent if and only if there exists no finite subset
{z', 22 - - 2'} of X, where 2 < ¢ < +o0, such that (z',2?) € P(R), (2 2%) €
R,---, (2%, ') € R A transitive binary relation is consistent. However, the converse
implication does not hold in general.

The following result is due to Suzumura (1976; 1983, Chapter 1), which is a

generalization of Szpilrajn’s (1930) classical extension theorem.

Lemma 2.1. A binary relation R has an ordering extension if and only if it is

consistent.

Let £2(X) denote the set of all reflexive and consistent binary relations on X. Also,
for any ordering R on X, let ©¢(R) denote the set of all compatible sub-relations of
R. Tt follows that ©¢(R) C Q(X) holds for any ordering R on X. By definition,

!The concept of consistency was originally introduced by Suzumura (1976).



R € ©¢(R) holds for any ordering R on X. In view of this fact, a binary relation
Q € O(R) := Oyg(R) \ {R} is called a compatible strict sub-relation of R. R is then

called a strict extension of Q.

3 Constrained Dual Choice-Functional and Dual

Relational Recoverability

To prepare the stage of our analysis, let N = {1,2,---,n} be the set of all individuals
in the society, where 2 < n < 400. Each individual i € N is assumed to have a weak
preference relation R; on X, the set of all social alternatives, which is an ordering
on X. Thus, zR;y holds if and only if x is judged by ¢ to be at least as good as y.
By definition, P(R;) and I(R;) stand for ¢’s strict preference relation and indifference
relation, respectively.

Given a list of individual preference orderings RY = (Ry, Ry, -+, R,), to be called

a profile for short, we define the Pareto quasi-ordering p(R™) by
(1) p(RY) =Nien R

Let R be an ordering on X, to be interpreted as a Bergson-Samuelson social welfare
ordering.? Throughout this paper, it is assumed that the Bergson-Samuelson social
welfare ordering R is Pareto-compatible, so that p(RY) C R and P(p(RY)) C P(R).
For any RY and any R, let Q(R", R) denote the set of all partial welfare judgements,

which are strict extensions of p(RY) as well as strict sub-relations of R:
(2) QRY,R) ={QC X xX]|pR")eO(Q) & Q€ O(R)}.

Let Q(X) be the set of all quasi-orderings on X and define the set Q*(RY, R) by
(3)  Q*RNM,R) :=9(X)N QRN R).

By construction, Q € Q*(RY, R) holds if and only if (i) Q is a quasi-ordering
on X, (ii) Q is a strict extension of the Pareto quasi-ordering p(RY), and (iii) Q
is a strict sub-relation of the Pareto-compatible Bergson-Samuelson social welfare

ordering R.

2See Arrow (1983) and Samuelson (1981) for the concept of a Bergson-Samuelson social welfare

ordering.



At this juncture of the discussion, it may be worthwhile to point out that filling in
the set Q*(RY, R) is easier said than done in the analytical framework of ordinal and
interpersonally non-comparable information and nothing else. In the first place, there
are many interesting proposals for generating Pareto-compatible quasi-orderings, e.g.,
Suppes (1966), Sen (1970, Chapter 9 & Chapter 9*), Blackorly and Donaldson (1977),
and Madden (1996), but they require in common the informational basis which goes
beyond ordinal and interpersonally non-comparable information. In the second place,
the compensation principles of Kaldor (1939), Hicks (1940), Scitovsky (1941) and
Gorman (1955) are based on ordinal and interpersonally non-comparable information,
but there are situations where they fail to generate consistent welfare judgements. In
the third place, the compensation principle due to Samuelson (1950), which is based
on the uniform outward shift of utility possibility frontiers, guarantees transitivity of
strict welfare judgements. However, there are situations where not only the Samuelson
quasi-ordering fails to be an extension of the Pareto quasi-ordering, but also there
exists no Bergson-Samuelson social welfare ordering which subsumes the Pareto quasi-
ordering as well as the Samuelson quasi-ordering. See Figure 1 for an example to this

effect?.

Insert Figure 1 around here

Let K be the set of all non-empty subsets of X. It is intended that each and every
S € K denotes a social opportunity set. We are now ready to introduce formally the

concept of constrained dual choice-functional and dual relational recoverability.

Definition 3.1. Let R be a Pareto-compatible social welfare ordering on X. R is

constrained dual choice-functionally recoverable in terms of Q(RY, R) if and only if
G(S,R) = Ngeamn,r) M (S, Q) holds for all S € K.

Definition 3.2. Let R be a Pareto-compatible social welfare ordering on X. R
is constrained dual relationally recoverable in terms of Q(RY,R) if and only if
R= UQeg(RNJIi) Q holds.

Definition 3.3. Let R be a Pareto-compatible social welfare ordering on X. R is
constrained dual choice-functionally recoverable in terms of Q*(RY,R) if and only

if G(S, R) = Ngeam~,r) M (S, Q) holds for all S € K.

3Figure 1 is reproduced from Suzumura (1999).



Definition 3.4. Let R be a Pareto-compatible social welfare ordering on X. R
is constrained dual relationally recoverable in terms of Q*(RM,R) if and only if
R = UQEQ*(RN,R) Q holds.

The meaning of these definitions should be clear from our informal discussion in
Introduction. For example, a Pareto-compatible Bergson-Samuelson social welfare
ordering R is constrained dual choice-functionally recoverable in terms of Q(R”Y, R)
if and only if, for each specification of a social opportunity set, the greatest set in
accordance with the optimization of R can be retrieved by defining the maximal sets
with respect to each and every Pareto-compatible sub-relations of R and taking their

set-theoretical intersection.

4 Constrained Dual Recoverability Theorems

Our first result is due to Suzumura (1999).

Theorem 4.1. A Pareto-compatible Bergson-Samuelson social welfare ordering R
on X is constrained dual choice-functionally recoverable in terms of Q(RY, R) if and
only if Q(RN, R) # (.

As was shown in Suzumura (1999) in terms of a counter-example, however, an
ordering R on X being constrained dual choice-functionally recoverable in terms of
Q*(RY,R) is not equivalent to Q*(R™, R) # (. Thus, a necessary and sufficient
condition for R to be constrained dual choice-functionally recoverable in terms of the
Pareto-compatible, reflexive, and transitive sub-relations thereof must be identified

anew. Consider the following assumption.

Assumption 1. For any z,y € X, if [VQ € Q* (R, R) : QN {(z,y), (y,z)} = 0],
then (z,y) € I(R).

We are now ready to state the first main result of this paper.

Theorem 4.2. A Pareto-compatible Bergson-Samuelson social welfare ordering R is

constrained dual choice-functionally recoverable in terms of Q*(RY, R), viz.

(4)  G(S,R) = Ngea-m~ .z M(5,Q)
holds for all S € K, if and only if Q*(R", R) # () and Assumption 1 are satisfied.
Proof. To prove the necessity part, assume that (4) holds for all S € K. Clearly



the set 2*(R™, R) must be non-empty. Suppose that z,y € X are such that Q N
{(z,y), (y,x)} =0 for all Q € Q* (RN, R). Let S° := {x,y}. Since M(S°, Q) = {z,y}
for all @ € Q*(RN, R), it follows from (4) that G(S°, R) = Ngeq+mn~.r M(S°, Q) =
{z,y}, which implies that (z,y) € I(R).

To prove the sufficiency part, we have only to show that
(5)  Ngear@~ r M(S,Q) C G(S,R)

holds for all S € K, since the reverse set-theoretical inclusion follows immediately
from Lemma 1 and Lemma 2 in Suzumura (1999). Assume, therefore, that there
exist an S* € K and an 2* € S* such that »* € Ngeo~@mny 7)) M(S*, Q) and that
x ¢ G(S*, R). Then there exists a y* € S* such that (y*,2*) € P(R). There are two

cases to consider.

Case (i): VQ € (RN, R) : QN {(z*,y*), (y*,z*)} = 0.

Case (ii): 3Q* € *(RN, R) : Q* N {(z*,y*), (y*,z*)} # 0.
In Case (i), it follows from Assumption 1 that (z*,y*) € I(R), which contradicts
(y*,z*) € P(R). In Case (ii), there are two sub-cases. If (z*, y*) € Q*N{(z*,y*), (v*, z*)},
then (x*,y*) € Q* C R in contradiction with (y*, 2*) € P(R). If, on the other hand,
Q* N{(z*,v*), (v*,2*)} = {(y*,2*)}, we have (y*,2*) € P(Q*) in contradiction with
x* € M(S*,Q*). This completes the proof. B

We have thus settled a problem raised, but left open, in Suzumura (1999). Let
us now turn to the related, but distinct problem of constrained dual relational re-
coverability. Can the Pareto-compatible Bergson-Samuelson social welfare ordering
R be constrained dual relationally recoverable in terms of Q(RY, R)? The following
theorem, which is the second main result of this paper, provides our answer to this

problem.

Theorem 4.3. A Pareto-compatible Bergson-Samuelson social welfare ordering R
on X is constrained dual relationally recoverable in terms of Q(RY, R) if and only if
it is constrained dual choice-functionally recoverable in terms of Q(RY, R).

Proof. To begin with, note that if R is constrained dual relationally recoverable in
terms of Q(RY, R), then Q(RY, R) must be non-empty. From Theorem 4.1, there-
fore, R is constrained dual choice-functionally recoverable in terms of Q(RY, R). We
now show the converse, viz., if R is constrained dual choice-functionally recoverable
in terms of (RN, R), then it is constrained dual relationally recoverable in terms of
QRN R).



Suppose, therefore, that R is constrained dual choice-functionally recoverable in
terms of Q(RM, R). From Theorem 4.1, Q(RY, R) # (. Note that, for all Q €
QRN R), Q C R. Therefore,

(6)  Ugeamn p@ C R.

Thus, we have only to show that B C Ugecqrn,r)@- Suppose to the contrary
that there exist x,y € X such that (z,y) € R and yet (z,y) € Ugeqm~,r) @. That
is, (z,y) € R but (z,y) ¢ Q for all Q € QR R). Let S° = {z,y}. R be-
ing constrained dual choice-functionally recoverable in terms of Q(RY, R), we have
G(S°, R) = Ngeamy.py M(S°,Q). If (y,x) € R, then y & G(S°, R). It follows that
y & M(S° Q) for some Q € QRN R), so that (z,y) € P(Q) C @, a contradiction.
Thus, (z,y) € I(R) and (y,z) € Q for all Q € QRN,R). Thus, (z,y) ¢ Q and
(y,7) ¢ Q for all Q € QRN,R). Let Q* := p(RY) U {(x,y),(y,z)}. Note that,
since the pair {z,y} is not ranked by the Pareto quasi-ordering, Q* is a strict exten-
sion of p(RY). If Q* ¢ Q(RN, R), then Q* = R, which implies that {z,y} is the only
Pareto unranked pair, which implies, in turn, that Q(R”Y, R) is empty. This is a con-
tradiction with the fact that Q(R™, R) is non-empty, because R is constrained dual
choice-functionally recoverable in terms of Q(RY, R). Therefore, Q* # R. That is,
Q* € Q(RM, R). In other words, there exists a Q € Q(RY, R) such that (z,y) € Q,
another contradiction. Thus, for all (z,y) € R, (z,y) € Ugeqm~,r) Q- This, together
with (6), implies that R = Ugeqmn, r) Q- Therefore, R is constrained dual relationally
recoverable in terms of Q(RY, R). &

According to Theorem 4.3, R being constrained dual choice-functionally recov-
erable in terms of Q(RY, R) is equivalent to its being constrained dual relationally
recoverable in terms of Q(R™, R). However, the same conclusion cannot be drawn
for R being constrained dual choice-functionally recoverable in terms of Q*(RY, R)
and R being constrained dual relationally recoverable in terms of Q*(RY, R). To see

this unambiguously, consider the following counter-example.

Example 4.4. Let X = {z,y,z} andlet N = {1,2}. Consider Ry = {(x, ), (y,v), (2, 2),

(x,9), (y, 2), (x, 2)} and Ry = {(z,2), (,), (2, 2), (z,¥), (2, 9), (2, 2)} and the Bergson-
Samuelson social welfare ordering is defined by R = {(z, ), (y,v), (2, 2), (z,y), (z, 2),

(y,2), (2,y)}, which is Pareto-compatible. Then, Q*(R™, R) = {Q,}, where Q; =
{(z,z),(y,9), (2 2), (z,y), (z,2)}. It can be checked that R is constrained dual choice-

functionally recoverable in terms of Q*(R”Y, R). However, it is not constrained dual
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relationally recoverable in terms of Q*(R™, R), because R # Ugear@my,p @ = Q1. B

Thus, something additional must be satisfied in order for R to be constrained dual

relationally recoverable in terms of Q*(RY, R). Consider the following assumption

on *(RY R).

Assumption 2. For all z,y € X, if (z,y) € I(R), then there exists Q € Q*(RM, R)
such that Q U {(x,y), (y,2)} € Q* (RN, R).

We are now ready to state the third main result of this paper.

Theorem 4.5. A Pareto-compatible Bergson-Samuelson social welfare ordering R
on X is constrainted dual relationally recoverable in terms of Q*(RY, R) if and only
if it is constrained dual choice-functionally recoverable in terms of Q*(R™, R) and
Assumption 2 is satisfied.

Proof. We first show that if R is constrained dual relationally recoverable in terms of
Q*(RY, R), then it is constrained dual choice-functionally recoverable and Assump-
tion 2 holds. Suppose that R is constrained dual relationally recoverable in terms
of O*(RN, R). Clearly, 2*(RY, R) is non-empty. From Theorem 4.2, R being con-
strained dual choice-functionally recoverable in terms of Q*(R”Y, R) is equivalent to
the non-emptiness of Q*(R™, R) and Assumption 1 being satisfied. Therefore, we
have only to show that Assumption 1 and Assumption 2 hold.

For all z,y € X, since R is constrained dual relationally recoverable in terms
of O*(RN, R), if (z,y) € R, then there exists Q* € Q*(RN, R) such that (z,y) €
Q*. Thus, it can never happen that Q N {(z,y), (y,2)} = 0 for all Q € QRN R).
Therefore, Assumption 1 holds trivially. Now, let z,y € X be such that (x,y) € I(R).
Then, by the constrained dual relational recoverability of R in terms of Q*(RY, R) and
the definition of Q*(RY, R) , there exists Q* € Q(RY, R) such that (z,v), (y,z) € Q*.
Thus, Assumption 2 holds.

To show the converse, assume that R is constrained dual choice-functionally re-
coverable and Assumption 2 holds. Since Q C R for all Q € Q*(RY, R),

(7)) Ugea:m~r @ CR.

Thus, we have only to show the converse set-theoretical inclusion. Suppose to the
contrary that there exist z,y € X such that (z,y) € R but (2,y) € Ugeo~®m~.r) @-
That is, (z,y) € R but (z,y) ¢ Q for all Q € Q* (RN, R). If (y,z) € Q for some
Q € (RN, R), then (y,z) € R, so that (z,y) € I(R). Soppose, therefore, (y,z) € Q

11



for all Q € Q*(RY, R). Since R is constrained dual choice-functionally recoverable in
terms of Q*(R™, R), it must be true that G({z, y}, R) = Ngea-®~y 1) M ({z,y}, Q) =
{z,y}. Thus, (z,y) € I(R). But then, according to Assumption 2, there exists
Q € (RN, R) such that Q U {(z,), (y,2)} € Q*(RY, R), which is a contradiction.
Therefore, for all (z,y) € R, (z,y) € Ugea+®m~,r) @ This, together with (7), implies

that R is constrained dual relationally recoverable in terms of Q*(R™, R). W

5 Concluding Remarks

In this paper, the relationship which holds between an ordering and its compatible
sub-relations was explored from the viewpoint of constrained dual recoverability. Fol-
lowing Suzumura (1999), we discussed the issue of constrained dual choice-functional
recoverability and constrained dual relational recoverability of the Pareto-compatible
Bergson-Samuelson social welfare ordering. Together with Suzumura’s earlier work,
this paper completed the research agenda of the Paretian “new” welfare economics
viewed in terms of the possibility of constrained dual choice-functional recoverabil-
ity and constrained dual relational recoverability of the Pareto-compatible Bergson-
Samuelson social welfare ordering by means of the class of Pareto-compatible and
consistent or transitive sub-relations thereof.

In concluding this paper, two final remarks seem to be in order. In the first
place, the universe of our discourse was assumed to be an astract set, which has
no topological and/or linear structures. In the context of many economic models,
however, the universe of discourse is endowed with natural topological and/or linear
structures, which allow us to talk sensibly about continuity and convexity. It may
not be without interest to see how much extra mileage we can gain with the help
of these natural topological and/or linear structures. As a matter of fact, the key
concept of extendability of a binary relation has a natural counterpart in topological
spaces, and we have a semi-continuity-preserving extension theorem for strict partial
orders by Jaffray (1975), and two semi-continuity-preserving extension theorems for
reflexive and consistent binary relations by Bossert, Sprumont and Suzumura (2002).
However, the exploration of this promising and potentially important issue must be
left for another occasion.

In the second place, the scenario of “new” welfare economics designed by Suzu-
mura (1999), and completed in this paper, is not the only scenario one may conceive

and perform. Indeed, there is a related, but distinct scenario, which was explored

12



by Suzumura and Xu (2001)*. According to this alternative scenario, the problem
of “new” welfare economics is not to ask the coherence of the Pareto-compatible
Bergson-Samuelson social welfare ordering, on the one hand, and the class of par-
tial welfare judgements formed by means of various compensation tests, on the other
hand; it is rather to construct the Pareto-compatible Bergson-Samuelson social wel-
fare ordering from within, viz., from the class of Pareto-compatible partial welfare
judgements formed by means of various compensation tests. The necessary and suffi-
cient conditions for the constructibility of the Pareto-compatible Bergson-Samuelson

social welfare ordering are identified in Suzumura and Xu(2001).

4See Chipman and Moore (1978), and Mishan (1980) for yet another scenarios of “new” welfare

economics.
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