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Chapter 13
On the Consistency of Libertarian Claims*

1 Introduction

If one social state is unanimously preferred to another, it is difficult to argue that the
former state should not be socially chosen over the latter and, as a result, the claim that
the collective choice rule we are interested in should be Pareto-inclusive has seldom been
challenged. It may also be claimed that there are certain matters which are purely per-
sonal and our collective choice rule should be so designed that each person is empowered
to decide what should be socially chosen, no matter what others may think, in choices
over his personal matters. Sen [8] has shown that these two principles conflict, namely,
there exists no Pareto-inclusive collective choice rule (with an unrestricted applicability)
satisfying a mild libertarian claim.

Since the logical correctness of Sen’s argument is beyond any doubt, we are forced
to weaken either the Pareto rule or the libertarian claim in order to avoid this difficulty,
unless we renounce the general applicability of our collective choice procedure. Although
many subsequent contributions have modified libertarian claims in favour of the Pareto
rule, one of the lessons Sen [8 and 9] has drawn from his Paradozx of a Paretian Liberal is
that a mechanical use of the Pareto rule (irrespective of the motivation behind people’s
preferences) seems unsound. In line with this observation, Sen [10, Section XI] has re-
cently proposed a resolution of this paradox which restricts the use of the Pareto rule. We
will succinctly reconstruct his resolution with some clarifications of the structure of his
rights-assignment (in Section 2) and then show (in Section 3) that one of the Gibbard’s
paradoxes [4, Section 3] can be solved by essentially the same line of argument. This
might be of some importance, because Sen’s paradox and that of Gibbard are essentially
different in nature. Suffice it to quote a passage from Gibbard [4, p.394]: “[Sen’s liber-
tarianism| guarantees each person a special voice on only one pair of alternatives, but
the special voice is a strong one: the alternative he prefers is to be preferable, no matter

*First published in Review of Economic Studies, Vol.45, 1978, pp.329-342. A flaw in the original
proof of Theorem 1 was rectified in “A Correction,” Review of Economic Studies, Vol.46, 1979, p.743.
We are indebted to Professors A. K. Sen and J. Wise for their comments and discussions on early draft
of this work. Thanks are also due to the Editor, Professor Peter Hammond, and the anonymous referees
of Review of FEconomic Studies. We retain sole responsibility for remaining opaqueness and errors, if
any.



what his other preferences. [Gibbard’s libertarianism] guarantees each person a special
voice on many pairs of alternatives ... but the voice is limited. The one he prefers is to
be preferable if indeed he prefers its distinguishing feature unconditionally; otherwise his
preference may be overridden.”

In Section 4, we will examine the possibility of introducing information on interper-
sonal welfare comparisons into the conceptual framework. It will be shown that, if the
rights-exercising is restricted by the Rawlsian maximin justice consideration (which is
now available to us by the stronger informational basis we are working on), the modified
libertarian claim is made compatible with the Pareto principle. This is in sharp contrast
with Sen’s [10, p.228] assertion that “for this class of impossibility results, introducing
interpersonal comparisons is not much of a cure (in contrast with the impossibility results
of the Arrow type)”, which he has drawn from Kelly [6] Impossibility of a Just Liberal.

In Section 5, we will briefly summarize our conclusions. Some basic concepts and
lemmas are put forward in the Appendix at the end of the chapter.

2 A Resolution of Sen’s Paradox

2.1. Let X be the set of all conceivable social states, and N a set of n individuals,
each of whom has a preference ordering R; on X, together forming a profile of individual
preference orderings. We say that i € N weakly prefers x to y iff (x,y) € R;. The strict
preference relation corresponding to R; will be denoted by P(R;) : (z,y) € P(R;) iff

K stands for the set of all non-empty finite subsets of X. (An intended interpretation is
that each and every S € K is the set of available states.) A collective choice rule (CCR)
is a method of choosing, for each profile, a social choice function (SCF) on K. Given a
profile (Ry, Rs, ..., R,), a CCR F amalgamates this into an SCF:

C=F(Ri,Ry,...,Ry) (1)

Given an S € K, C(S) represents the set of socially chosen states from S when the profile
(R1, Ra, ..., R,) prevails. We want our CCR to be generally applicable and Pareto-
inclusive:

Condition U (Unrestricted Domain). The domain of CCR consists of all logically
possible profiles of individual preference orderings.

Condition P (Pareto Rule). For all z,y € X, (z,y) € Nien P(R;) implies
[zeS&yeC(9))

forno S € K.

Our third requirement is that our CCR should respect some personal liberty. Letting
Q be the set of all non-empty subsets of X x X and denoting by Q(n) the n-fold product
of 2, the requirement in question is put as follows:
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Condition SL (Sen’s Libertarian Claim)." There exists a symmetric
D= (Dl,DQ, Cee Dn) S Q(n)
such that, for each ¢ € N, D; contains at least one non-diagonal member and that:

(x,y) e D,NP(R;) =[x €S &yeC(S) forno S € K. (2)

D; is meant to be the set of all protected personal pairs of the individual ¢ and
it will be referred to as i’s protected sphere. D = (D, Ds,...,D,) will be called a
rights-assignment. Using these terms the condition (2) may be interpreted that the
individual ¢ can get his way in choices over his protected sphere irrespective of what
others may think. We say that the rights-assignment D = (Dy, Ds, ..., D,) is symmetric
if (x,y) € D; & (y,x) € D; for all i = 1,2,...,n. In this case, if ¢ is allowed to impose
his preference for x against y, he can also impose his will for y against z.

Taken in isolation, these requirements seem to be rather reasonable. A disturbing
fact is that, given Condition U, Condition P and Condition SL cannot simultaneously
be satisfied by any CCR. It is this Paradox of a Paretian Liberal established by Sen |9,
pp-81-82 and 10, Theorem 7] which necessitates a closer examination of Condition P and
Condition SL.

2.2. Let us begin with the Condition SL. Our first task is to introduce the concept of
coherent rights-assignment, which goes as follows.

Let D = (D1, Ds,...,D,) be an n-tuple of subsets of X x X. A critical loop in D
is a sequence of ordered pairs {(z*,y*)}!,_, (t > 2) such that (i) (z*,y*) € U, D; for
all p=1,2,...,t, and (ii) there exists no i* € {1,2,...,n} such that (z*,y*) € D; for
all p = 1,2,...,t, and (iii) ' = y' and 2# = y*~ ! for all p = 2,...,t.2 We say that
D = (D4, Dy, ...,D,) is coherent iff there exists no critical loop in D.

From the analytical viewpoint, the importance of the concept of coherence in our
present context stems from the following basic lemma, the proof of which will be given
in the Appendix.

Lemma 1. D = (Dy, Do, ..., D,) is coherent iff, for every n-tuple of orderings,
(R1, Ra, ..., Ry),
there ezists an order-extension R of each and every D; N R; (i =1,2,...,n).

It was Farrell [3] and Gibbard [4] who have shown that (i) if the rights-assignment D
is not coherent, Condition U and Condition SL conflict by themselves (without invoking
Condition P), and that (ii) if D is coherent, Condition U and Condition SL are compat-
ible. It follows that we should restrict Condition SL by requiring D to be coherent if

1Sen’s condition of minimal liberalism is still weaker than this. In his formulation, D; may be empty
for at most n — 2 individuals. See Sen [9, p.87].
2The concept of the critical loop is due to Farrell [3].
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we wish to make it compatible with Condition U and some version of the Pareto rule.
Furthermore an existential statement of Condition SL, though ideal for an impossibility
exercise, is ill-suited for our present purpose. The doctored version of Condition SL we
are going to work with is as follows.

Condition CL (Coherent Libertarian Claim)
For any coherent rights-assignment D = (Dy, Ds. ..., D,) € Q(n), (2) holds for each
1€ N.

2.3. Turn to Condition P. Let (Ry, Ra,...,R,) be any given profile and let R} be a
transitive subrelation of R; which individual ¢ wants to count in collective decision. Thus
(x,y) € P(R;) means that i prefers x to y personally, while (z,y) € P(R}) means that
he wants his preference for x over y to count in social choice. The basic idea here is that
“the guarantee of a minimal amount of personal liberty may require that certain parts
of individual rankings should not count in some specific social choices, and in some cases
even the persons in question may agree with this” (Sen [10, pp.237-238]). Armed with
this important distinction, we now introduce a version of the conditional (strong) Pareto
rule.

Condition CP (Conditional Pareto Rule). Let R* = M;eyR;. For all x,y € X,
(a) (z,y) e R* =[x € S\ C(S) &y e C(S)] forno S € K, and
(b) (z,y) e P(R*) = [z € S&yeC(5)] forno S € K.

The efficacy of Condition CP as a resolvent of Sen’s paradox depends squarely on
the extent that (R}, R, ..., R}) is restrictive vis-a-vis (Ry, Ra, ..., R,). For example, if
R = R, for all i € N, then the paradox clearly remains intact. If R = () for all i € N,
however, Condition CP becomes vacuous and the paradox is “resolved”. The problem
really is to formalize a “reasonable” way of restricting R; into R} so as to avoid Sen’s
difficulty. Sen’s [10, Section XI| proposal to this effect is now to be recapitulated. Let

D:(D17D277Dn)EQ(n)

be any coherent rights-assignment and let (Ry, Ra, ..., R,) be any given profile. Thanks
to our Lemma 1 given above, we then have an ordering R which subsumes each and every
individual preference over respective protected spheres. There may well be multiple order-
extensions, so that let % stand for the set of all such orderings. Let an individual j € N
be called a [liberal iff

R; = R; N R for some R € Z. (3)

Namely an individual j is liberal iff he claims only those parts of his preferences to count
which are compatible with others’ preferences over their respective protected spheres.
Some remarks on this basic concept might be in order. Firstly it should be emphasized
that a liberal never drops his preferences over his own protected sphere, so that a liberal
need not die a martyr for his faith in liberalism. Secondly a liberal need not really
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care very much how the order extension R is constructed from @ = U;en(R; N D;). An
“active” liberal would hold a clear idea of that part of his preference ordering which he
wants to count in the collective decision. (Obviously he needs lots of information as to
the structure of rights-assignment and the wishes of individuals.) A “passive” liberal,
on the other hand, does not know his R;; instead, he knows only his R, and that he
knows he wants to be liberal. A well-informed umpire then comes in, who constructs an
order-extension R of ) and thereby constrains the preference ordering of an individual
who is wishing to be liberal. Our concept of a liberal admits both species.?

2.4. Now the theorem.

Theorem 1 (Sen [10, Theorem 9]). If there exists at least one liberal individual, a
rational CCR which satisfies U, CL and CP exists.

Proof. Let N; stand for the set of all liberal individuals. By assumption, Nj is a
non-empty subset of N. Let D = (Dy, Ds, ..., D,) be a given coherent rights-assignment
and let (R, Ry, ..., R,) be a given profile. Letting & be the set of all order-extensions
of Q@ = Uien(R; N D;), we define:

R* =

)

{&ﬂﬁbmmwﬁé%ﬁmNi

R; otherwise.
Denoting R* = N;enyRf and P = Njen, P(RY) we define:
Ry ={(z,y) € X x X : (y,2) ¢ PUP(R")}. (4)

Let us establish that Ry is complete. Suppose that there are z and y in X such that
(x,y) ¢ Ry and (y,z) ¢ Ry, so that we have (z,y) € PU P(R*) and (y,x) € PU P(R*).
There are four possible cases to consider:

(i) (z,y) € P& (y,2) € P,

(i) (z,y) € P(R") & (y,z) € P(RY),

(iii) (z,y) € P & (y,z) € P(R"),
and

(iv) (z,y) € P(R") & (y,z) € P.

The case (i) and the case (ii) contradict, respectively, the asymmetry of P and that of
P(R*). Take any iy € N;. Then we have P C P(R") and P(R*) C R; C R™, so that
the case (iii) and the case (iv) contradict the fact that R™ is an ordering. Therefore Ry
must be complete.
Next we establish that:
P(Ry) = PU P(R"). (5)

If (x,y) € P(Ry), then (y,x) ¢ Ry, which implies (z,y) € P U P(R*) by definition.
Therefore P(Ry) C P U P(R*). To show the converse, suppose there exists an ordered

3Thanks are due to Peter Hammond for his comment on this point.
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pair (z,y) such that (z,y) € P U P(R*) but (z,y) ¢ P(Ry). But this contradicts the
completeness of Ry established above. Therefore (5) must be true.

Our next task is to establish the acyclicity of Ry. If there exists a {z!,22,... 2} € K
such that (z#,z¢t) € P(Ry) (0 = 1,2,...,t — 1) and (2',2') € P(Ry), we have a
contradiction with the transitivity of R; (i € Ny) or that of R* thanks to the fact that
P(R*) C R' (i € Ny). This contradiction establishes the acyclicity of Ry. Now that Ry
is complete and acyclic,

C(S) = G(S, Ry)

for all S € K is a well-defined rational choice function by virtue of Lemma 2* in the
Appendix. Associating this C' with the given profile (Ry, Ra, ..., R,) we obtain a rational
CCR.

What remains to be shown is that this CCR satisfies CP and CL.

In order to show that it satisfies CP(a), suppose that there exist  and y such that
(x,y) € R*,z € S\C(S) and y € C(95) for some S € K. We will bring out a contradiction
by showing that (z,z) € Ry for all z € S. Take therefore any z € S. Since y € C(S), we
have (z,y) ¢ PU P(R*), so that (z,y) ¢ P and [(z,y) ¢ R* or (y,z) € R*]. Thanks to
the definition of P, we have (z,y) ¢ P iff (y,2) € R’ for some i € N;. By assumption we
have (x,y) € R* so that we obtain (z,y) € Rf C R’ for this i € N;. R’ being transitive,
(z,y) € R" and (y,2) € R yield (z,2) € R'. Tt then follows that (z,z) ¢ P(R'), which

implies that:
(z,%) ¢ P. (6)

Suppose now that (z,y) ¢ R*, which implies (z,y) ¢ R} for some i € N. If i €
N\ Ny, then we have (y,z) € P(R;). As (z,y) € R; follows from (z,y) € R*, we
obtain (x,z) € P(R;), namely, (z,z) ¢ R;. Therefore (z,x) ¢ R*. If i € Ny, then
[(z,y) ¢ R; or (z,y) ¢ R'], namely, [(y,2) € P(R;) or (y,z) € P(R")] holds true, which
implies (z,2) € P(R;)U P(R') in view of (z,y) € R*. Therefore we again obtain (z,x) ¢
R*. Consider the case where (y,z) € R*. Coupled with (x,y) € R* this implies that
(x,2) € R*, hence (z,x) ¢ P(R*). Therefore in every conceivable case we obtain that:

(z,2) ¢ P(R"). (7)

It follows from (6) and (7) that (z,2) ¢ PUP(R*), so that we have arrived at (z, z) € Ry
as desired. The proof of CP(a) is thereby complete. Next CP(b). If there are x and y
satisfying (z,y) € P(R*), v € S and y € C(S) for some S € K, we have (y,z) € Ry
entailing (x,y) ¢ P U P(R*). But this contradicts (z,y) € P(R*).

Finally we show that our CCR satisfies the Condition CL. Suppose to the contrary
that there are an i € N and S € K satisfying (z,y) € D; N P(R;), x € S and y € C(S).
Then we obtain (y,z) € Ry entailing (z,y) ¢ P U P(R*). By definition of %, we have
P(Q) C Nien, P(R") = P, so that if we can show

D; N P(R;) C P(Q), (8)

we are home. (Because, then we have (z,y) € D; N P(R;) C P, in contradiction with
(x,y) ¢ P U P(R*).) To show (8), let (w,z) € D; N P(R;). Clearly (w, z) € @, so that
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if (w,2) ¢ P(Q) then (z,w) € @ = U;en@;. Then there exists a j € N (j # i) such that
(z,w) € D;j N R;. If follows that D contains a critical loop, a contradiction. ||

The gist of this resolution is very simple and intuitive. The Pareto principle is enforced
only by unanimous agreement. Its use can therefore be vetoed by any one person and a
liberal may well serve as a vetoer. Notice that a liberal is, by definition, one who always
(for every profile) exercises the veto in favour of every expressed protected right, and of
every consequence of all of these, and of further arbitrary additions.

2.5. It might help if we exemplify how this resolution works.

Ezample 1 (Lady Chatterley’s Case, Sen [9, pp.80-81]). There is a single copy of Lady
Chatterley’s Lover. The set of social states consists of three alternatives: Mr A (the
prude) reading it, (z), Mr B (the lascivious) reading it, (y), and no one reading it (z).
Mr A prefers z most, next x (wishing thereby to take the hurt on himself) and lastly y (for
fear of the possible misbehaviour of Mr B), while Mr B prefers z most (in order to educate
the reactionary Mr A), y next and lastly z. Therefore Ry = A U {(z, ), (x,y),(z,9)}
and Rp = AU{(z,v), (v, 2), (x, 2)}, where A denotes the diagonal binary relation on the
space in question. (In our present context, A = {(z,z), (y,y),(z,2)}.) The protected
sphere of Mr A is Dy = {(z, 2), (z,x)} and that of Mr B is Dg = {(v, 2), (z,y)}. (Notice
that this rights-assignment D = (Dy, Dg) is coherent.) No Pareto-inclusive CCR can
realize this rights-assignment, however.

In this case Q4 = RaN Da = {(z,2)} and Qg = RgN D = {(y,2)}, so that
Q ={(z,2),(y,2)}. The order-extension of this @ is unique:

R=AU{(y,2),(z2), (y,2)}.

Suppose that Mr A is liberal while Mr B is not, so that R, = RN Ry = AU {(z,2)}
and R} = Rp, entailing R* = A. By definition we then have

Ry =AU {<y7 Z)v (Z,:L’), (ywr)}v

so that G({z,y, 2z}, Ro) = {y}. Therefore our suggested solution for the Lady Chatterley’s
Case is: Give that copy to the lascivious. ||

A few remarks might be in order here. Firstly, in line with the statement of Sen’s liber-
tarian claim (SL), we supposed that D4 and Dp were symmetric in the Lady Chatterley’s
Case. Sen’s paradox still works, however, even if Dy = {(z,2)} and Dp = {(y, 2)}. It is
easy to verify that our resolution given above still applies without any change. Secondly,
our solution to the Lady Chatterley’s Case does not hinge on our supposing that it is
Mr A who is liberal. Mr B being liberal leads us to the same solution. Is this a general
feature of our solution procedure? To show that it is not, we put forward the following:

Ezample 2 (Two Meddlers Case, Blau [2]). There are two individuals, Mr A and Mr B,
and four distinct alternatives x, y, z and w. The rights-assignment is D4 = {(z,y), (y, z)}



and D = {(z,w), (w,2)}. Mr A prefers w to x to y to z, while Mr B prefers y to z
to w to x. Mr A is meddlesome in that his preference over his protected pair is weaker
(in the ordinal intensity sense) than his opposition to the other’s preference over that
individual’s protected pair. Mr B is also a meddler in this sense. In this case the
unadulterated exercise of rights, coupled with the mechanical use of the Pareto rule,
brings us into the impasse of social indecision.

Let us see how our solution procedure will fare in coping with this situation. It is
easy to see that, in this Two Meddlers Case, @ = {(z,y), (z,w)}. There are multiple
order-extensions of this ), thirteen altogether, from which we pick out

R*=AU {('T’y)7 (ZL’, 2)7 (CL’,U)), (y,z), (yaw)v (Z7w)}7
R’ = AU{(2,w),(z,2),(2,9), (w, ), (w,y), (z,y)}, and
RY = AU{(m,z),(z,x),(x,y),(x,w),(z,y),(z,w),(y,w)}.

Depending on who is liberal and which order-extension is to be used, there are different
solution schemes. Let the scheme where Mr A is liberal with the order-extension R be
denoted by (A, «). It is easy, if tedious, to verify that the solution in the scheme (A, «)
is {x}, that in the scheme (B, () is {z}, and that in the scheme ({A, B},7) is {z, z}. ||

3 A Resolution of Gibbard’s Paradox

3.1. We start with an observation that the Condition SL and the Condition CL share
two important peculiarities. Firstly the rights-assignment in SL as well as that in CL is
independent in the sense that, whenever (z,y) € D; and ¢ strictly prefers = to y, he can
get his way whatever his preference over X \ {z,y} happens to be. Secondly, apart from
our interpretation, there is nothing in the formal statement of SL and CL which assures
us that, whenever (z,y) € D;, the difference between x and y is i’s purely personal
concern. Gibbard’s [4] libertarian claim differs from SL and CL in these respects and, as
a result, a paradox he arrived at is essentially different from that of Sen. We will show
in this section that this different paradox can nevertheless be resolved along the similar
line of reasoning as we used above.

3.2. The social state is now construed as a list of impersonal and personal features of
the world. Let X, be the set of all impersonal features and X; the set of all personal
features of individual 7 € N. X, the set of all social states, is now represented as

X=Xyx Xy x...xX,.

We assume that Xy and X; (i € N) are finite with at least two elements each. Our
notational convention is that, for each i € N and each x = (zg,z1,...,2,) € X,

X)i(:X0XX1X...XXi_1XXZ'+1X...XXn



and xy; = (z0, 21, ., %i—1, Tit1,- - ., Tn). Furthermore, if z; € X; and
2= (20,21 - Zic1s Zig1s -3 Zn) € Xyi(s (X33 2) = (20, 215 -+ 5 Zim1, Tis Zige 1, - - - » Zn)-
Finally we define D} by:
D;={(z,y) € X x X :xyy =yu} (E€N).

Therefore if (z,y) € D}, then x and y can possibly differ only in the specification of i’s
personal feature.

3.3. Now Gibbard’s [4, p.393] version of a libertarian claim.

Condition GL (Gibbard’s Libertarian Claim). For each i € N, if (x,y) € D} and
((zi;2), (yi;2)) € P(R;) for all z € Xy, then [x € S & y € C(5)] forno S € K.

In words, it is required that, if  and y differ only in i’s personal feature and if i
prefers x; unconditionally to y;, then his personal choice should be socially respected.
Gibbard [4, Theorem 2] has shown that there exists no CCR satisfying U, GL and P.
Notice that D" = (D}, D}, ..., D!) € (n) is not independent and it is not coherent by
construction.

3.4. As a first step in resolving Gibbard’s dilemma, we show that a binary relation
defined by

Q; ={(z,y) € D; : ((z;;2), (y;;2)) € P(R;) for all z € Xy;} (i € N)

and

Q' = UienQ;
is consistent for any profile (R, R, ..., R,). Suppose to the contrary that there exists
a{z!, 2% ... 2'} € K such that (2',2%) € P(Q'), (a*,2*") € Q forall u=2,...,t -1
and (2!, ') € Q'. Then there exists an i € N such that

(z*,2%) € D] (9)
and

((z};2), (27;2)) € P(R;) for all z € X). (10)

Corresponding to the sequence {z*}!_, define a sequence {z%}/,_, by
all = (a2, (W=1,2,...,1). (11)

By virtue of Gibbard’s lemma [4, p.396] we then have (z#, z/™') € R; (u=2,...,t —1)
and (z¢,zl) € R;, while (10) entails that (zl,22) € P(R;). But this contradicts the

*9 *

transitivity of R;. Now that Q' is consistent, there exists an ordering R’ subsuming @’



by virtue of Lemma 1* in the Appendix. Let %’ be the set of all order-extensions of ()’
Call an individual j € N a G-liberal iff

R; = RjN R’ for some R' € Z'. (12)

In words j is G-liberal iff he claims only those parts of his preferences to count which
are compatible with others’ unconditional preferences over their personal variations. Our
remarks on the nature of a liberal individual presented in 2.3. also apply to a G-liberal
individual as well.

Now the following theorem is true.

Theorem 2. If there exists at least one G-liberal individual, a rational CCR satisfying
U, GL and CP exists.

A slight modification of the proof of Theorem 1 (replying #Z by %’) establishes The-
orem 2, the detail of which may safely be skipped.

3.5. Let us analyse an example and contrast our solution with that of Gibbard [4].

Ezxample 3 (Wall Colour Case, Gibbard [4, pp.394-395]). There are two individuals,
Mr A and Mr B, and four alternative states, all of which are identical with respect to
the impersonal features of the world. They differ only in the colour of their respective
bedroom walls. Let these alternative states be (w,w), (y, w), (w,y) and (y,y), dropping
for the sake of simplicity the coordinate of impersonal features. (The first coordinate
designates the colour of Mr A’s walls and the second that of Mr B’s, w and y standing
respectively for white and yellow.) In this case,

Dy = {((w,w), (y,w)), ((y, w), (w,w)), (w,y), (¥,¥)), ((y,9), (w,y))}

and

Dy = {((y,9), (y,w)), ((y,w), (¥,9)), (w,y), (w,w)), (w,w), (w,y))}.

It is cleat that D’ = (D'y, D’;) is not coherent. Suppose that their preferences are such
that:

RA : (wa w)7 (ya 'LU), (w7 y)> (y7 y)
and

'RB : <y7 y)7 (y? w)7 (w7 y)? (w7 w)‘
Namely Mr A prefers w to y unconditionally and that he wants Mr B to choose as he
does. Mr B in turn prefers y to w unconditionally and he wants Mr A to choose as
he does. In this case, the rights-exercising of Mr A and Mr B, coupled with the naive

use of the Pareto rule, kicks out all alternatives from social choice and no CCR can be
satisfactory if we stick to U, GL and P.

10



Now our solution procedure. Corresponding to the given profile (R4, Rg), we have

Qy = {((w,w), (y,w)), (w,9), (y,9))} and Qp = {((y,9), (y,w)), (w,y), (w,w))}. An

order-extension R’ of Q' U Q' is then given by:*

R (w,y), (y,y), (w,w), (y,w).

Suppose that Mr A is G-liberal while Mr B is not, so that

Ry=RNRy=AU{((w,y), ), (w,w),(y,w))}

and R} = Rp, yielding R* = A. We then have

Ry = AU {((w7y)v (y, y))? ((w7y)v (wv w))v ((wv y)? (y7 w))a

((y, v), (w,w)), (Y, ), (y,w)), (w,w), (y,w))},

so that G({(w,w), (y,w), (w,y), (y,y)}, Ro) = {(w,y)}. Therefore our solution is: Let
people choose whatever colour they unconditionally prefer. (Our conclusion remains
intact if Mr B is G-liberal and Mr A is not.) ||

Gibbard’s [4, Section 4] way-out of his paradox is to make his libertarian claim alien-
able and goes typically as follows. Although Mr A prefers (w,w) to (y,w), and could
avoid (y,w) by exercising his right to (w,w) over (y,w), Mr B claims his right to (w,y)
over (w,w), and Mr A prefers (y,w) to (w,y). By exercising his right to avoid (y,w), Mr
A ends up with what he likes no better, so that, Gibbard argues, his right to (w, w) over
(y,w) is waived. By the same token Mr B’s right to (y, y) over (y,w) is waived. Following
this reasoning we arrive at the conclusion that Gibbard’s suggested social choice out of

{(w,w), (y,w), (w,y), (y,y)}

is (y,w). It seems to us that this is a suggestion which is rather hard to swallow.
Why on earth should people be assigned the colour of their bedroom walls which they
unconditionally dislike??

We have thus shown that restricting the use of the Pareto rule is a workable way-
out of Gibbard’s paradox and that, in some cases at least, it provides us with a more
“reasonable” solution than Gibbard’s resolution via the alienability of rights.

4There are two other order-extensions of Q4 U Q’z, namely:

R*: (w, y), (’LU, w)a (y7 y)v (y7 w)
R/ﬁ : (w, y)7 [(U), ’LU), (yv y)]7 (ya ’U})

(In R'® (w,w) and (y,y) are deemed to be indifferent, so that they are put together by square brackets.)
Nothing will be changed even if we use R'“ or R'® instead of R’ in the rest of our argument: (w,y) will
still be chosen.

5Tt is true that our way of solving the paradox ignores what Gibbard [4] has called “a strong libertarian
tradition of free contract”, according to which “a person’s rights are his own to use or bargain away as
he sees fit” [4, p.397]. This argument does not seem to deprive our resolution of its reasonableness in
the present example, however.
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4 Justice and Liberty: Interpersonal Welfare Com-
parisons

4.1. Back now to Sen’s paradox in Section 2. The problem at hand is to find a way around
the difficulty by making use of information on the interpersonal welfare comparisons.
More explicitly we make use of the information available from “extended sympathy”
(Arrow [1, p.114]), in the form of placing oneself in the position of another. In the
literature there are assertions that this additional information does not provide us with
a way-out of Sen’s dilemma (Kelly [6] and Sen [10]). We will show, however, that if the
rights-exercising is restricted by the maximin justice consideration along the line of Rawls
[7] and Sen [9, Chapter 9], the constrained libertarian claim is made compatible with the
Pareto rule, so that (as in the case of Arrovian impossibility theorems) the possibility of
the interpersonal welfare comparisons does help us in circumventing Sen’s paradox.

4.2. Interpersonal comparisons of the extended sympathy type are of the form: it is
better to be an individual ¢ in state x than to be an individual j in state y. This
is formally put by an ordering R (to be called an extended ordering) on X x N with
(x,1) € X x N standing for being in the position of individual 7 in social state z. We will
work exclusively with the extended orderings satisfying Sen’s aziom of complete identity
(Sen [9, p.156]) in the sense that we assume that all individuals in the society share
identical extended orderings. Needless to say this still allows each and every individual
to have full freedom in judging social states placing himself in his own shoes, so that if
we define .

Ri={(z,y) € X x X : ((x,7),(y,7)) € R} (i € N), (13)

each R; is an ordering on X and (Ry, Rs,..., R,) is a profile (in the sense of Section 2)
on which no restriction is placed. We are now concerned with a generalized collective
choice rule (GCCR) which is a method of choosing, for each extended ordering, an SCF
on K:5

C =V(R). (14)
The requirement of general applicability of our GCCR reads as follows.

Condition GU (Unrestricted Domain). The domain of GCCR consists of all logically
possible extended orderings.

Notice that we can reinterpret Condition P, Condition SL and Condition CL as re-
quirements on GCCR with the understanding that R; there now stands for (13).

4.3. Let X be the set of all one-to-one correspondences between N and N. Given an
extended ordering R, the mazimin relation of justice M(R) and the Suppes’ relation of

gustice J(R) [11] are defined respectively by

6This is a functional CCR analogue of what Hammond [5] called the generalized social welfare func-
tion.
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(z,y) € M(R) < 3k e N : [Vi e N : ((z,i),(y,k)) € R] (15)
S

Vi€ N:((x,)),(y,6() € R
(z,y) € J(R) &I e X & (16)

3k € N : (2, k), (y,6(k))) € P(R).

In words, x is more just than y in the maximin sense iff it is no worse to be anyone
in state x than to be some specified individual in state y, while z is more just than y in
Suppes’ sense iff there exists a one-to-one transformation of NV into itself such that (a)
being in state x in someone’s position is better than being in state y in the position of
the corresponding individual and (b) being in the position of each individual in z is no
worse than being the corresponding individual in y. It is known that, for each R, M (R),

is an ordering on X (Sen [9, Theorem 9*4]) and J(R) is an asymmetric and transitive
relation on X (Sen [9, Theorem 9*1]). Furthermore the following inclusions are true for

each R:

ﬁieNP(Ri) C J(R) C M(R), (17)

where R; is defined by (13).

4.4. Consider now the following requirement on GCCR.

Condition SJ (Suppes’ Justice Rule). For all x,y € X if (x,y) € J(R), then
[reS&yeC(9)
forno S € K.

A little reflection convinces us that there is no hope for our obtaining a GCCR
satisfying GU, SJ and SL. (Suffice it to notice that Condition SJ implies Condition P by
virtue of (17) and Condition GU implies Condition U (trivially rephrased as a condition
on GCCR), while Sen’s liberal paradox tells us that U,P and SL conflict.) Kelly [6,
Theorem 3] has strengthened this observation in that even if we weaken SL so that (2)
is constrained in such a way that

(2,y) € D;NP(R) & (y,2) ¢ J(R) = [z € S & ye C(S) forno S € K (18)

we still cannot break the impasse. This is what he called the Impossibility of a Just
Liberal.

4.5. The libertarian claim we are going to work with is a constrained version of the
previous Condition CL.

Condition ML (Maximin Libertarian Claim). For any coherent rights-assignment

D= (Dl,DQ, Ce ,Dn) S Q(n),
(z,y9) € D;,NP(R) & (y,x) ¢ M(R) = [z € S & y e C(S)] forno S € K (19)
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holds for each i € N.

In words, an individual i can get his way for x against y if (x,y) is his protected
pair and y is not more just than z in the maximin sense. Therefore rights-exercising is
restricted in ML by the maximin justice consideration.

The following theorem is true, which clearly contrasts with Kelly’s impossibility the-
orem.

Theorem 3. There exists a rational GCCR satisfying GU, ML and SJ.
Before proving this proposition, we refer to a simple corollary thereof.
Corollary. There exists a rational GCCR satisfying GU, ML and P.

The message of this proposition is clear: The possibility of the interpersonal welfare
comparisons does help us in finding a way around Sen’s impossibility theorem as it helped
us in avoiding Arrow’s impossibility theorem. Kelly’s and Sen’s contrary statement is due
to their insufficient use of the information which is actually available from the extended
sympathy.

4.6. Proof of Theorem 3. Let R be any given extended ordering and let R; (1 € N) be
defined by (13). R; being an ordering for all i € N, there exists an order-extension R of
Q = Uien(R; N D;) as in 2.2. Let Z be the set of all such orderings. Take an R € %
(which is fixed once and for all) and let Ry be defined by

Ry ={(z,y) € X x X : (y,x) ¢ J(R) U[P(R) N P(M(R))]}. (20)

We show that this Ry is complete. Suppose to the contrary that (z,y) ¢ Ry and (y,z) ¢
Ry for some x and y in X. By definition we then have four cases to consider:

(i) (z,9), (y,2) € J(R),

(i) (z,9), (y,x) € P(R) N P(M(R)),

and

(iv) (z,y) ¢ J(R) & (z,y) € P(R)N P(M(R)) & (y,x) € J(R)
& (y,z) ¢ P(R) N P(M(R)).

The case (i) and the case (ii) contradict, respectively, the asymmetry of J(R) and that of

P(R). The case (iil) cannot occur because (z,y) € J(R) and (17) imply (x,y) € M(R),

14



while (y,z) € P(M(R)) iff (y,z) € M(R) & (x,y) ¢ M(R). Similarly the case (iv) leads
us to a contradiction. Therefore Ry is complete. Next we show that

P(Ro) = J(R)U[P(R) N P(M R)]. (21)

If (2, y) € P(Ro), then (y,z) ¢ J(R) U[P(R) N P(M(R))] and

(z,y) € J(R)U [P(R) N P(M(R))]

by definition, so that we have P(Ry) C J(R)U [P(R) N P(M(R))]. On the other hand,
if there are 2 and y in X such that (z,y) € J(R) U[P(R) N P(M(R))] and that (z,y) ¢
P(Ry), a contradiction with the completeness of Ry ensues. Therefore (21) is true.
Thirdly, we show the acyclicity of Ry. Suppose to the contrary that there exists a
{a' 2% ... 2'} € K such that (2, 2#*") € P(Ry) (u = 1,2,...,t — 1) and (2%,2') €
P(Ry). Noticing (17) and (21) this leads us to a contradiction either with the transitivity
of J(R) or with that of M(R).

Now that Ry is complete and acyclic, C'(S) = G(S, Ry) for all S € K is a well-defined
rational choice function on K. Associating this C' with the given R, we obtain a rational
GCCR. To show that this GCCR satisfies Condition SJ, suppose that there exist x and

y in X such that (z,y) € J(R) and [z € S & y € C(9)] for some S € K. We then have

(z,y) ¢ J(R)U[P(R) N P(M(R))]
thanks to the construction of C, in contradiction with (z,y) € J(R). Thus Condition SJ
is satisfied. Condition ML is also satisfied. To see this, suppose that there are x and y in
X and i € N such that (x,y) € D; N P(R;), (y,x) ¢ M(R) and [z € S & y € C(9)] for
some S € K. We then have (z,y) ¢ J(R) U[P(R) N P(M(R))]. On the other hand, we
have (z,y) € D;,NP(R;) C P(Q) C P(R), while (y, ) ¢ M(R) implies (z,y) € P(M(R)).
Therefore we obtain (z,y) € P(R)NP(M(R)), a contradiction. This completes our proof.

4.7. The simplest possible case which is of interest is provided by the following:

Ezxample 4 (Two Meddlers Case with Ezxtended Sympathy). This is the same as the
Example 2 save for the fact that Mr B, alas, is physically handicapped and it is commonly
reckoned that Mr B’s welfare is lower in whatever social state than that of Mr A in any
social state. Mr A should realize, then, that by exercising his holy right the worse-off
Mr B would become worst-off of all and, as a socially conscious creature, Mr A might
refrain from exercising his right. Put formally, we may assume in this example that

R (w,A), (2, 4), (y, A), (2, 4), (y, B), (2, B), (w, B), (x, B).

It follows therefore that

M(R) = AU {(y,z), (w,2),(2,2), (y,w), (z,w), (y,2)}
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and

J(R) = {(w, ), (y,2)}.
Let S = {z,y,z,w}. Thanks to the Pareto rule we have z ¢ C(S) and 2 ¢ C(S). We
also have w ¢ C(S) because (z,w) € Dp N P(Rp) and (w,z) ¢ M(R). Although we
have (x,y) € DaN P(R4), his right for = against y is waived because (y,z) € M(R). It
follows that the social choice from S is determinate and we have C(S) = {y}. ||

This example poses an interesting problem concerning the use of information in resolv-
ing social conflict. Recall that our resolution of the Two Meddlers Case in the Example 2
under the scheme (A, o) was {z}. It follows that if the interpersonal welfare comparison
is possible but it is not made use of in resolving the conflict in question, the outcome
might well be the worst possible one relative to the extended sympathy ordering! We
may suggest that failure to make efficient use of available information could be extremely
costly.

4.8. It should be clear that Gibbard’s paradox can similarly be resolved along the
same line of argument if we are armed with the stronger informational basis allowing
interpersonal welfare comparisons.

5 Concluding Remarks

In this paper we have shown that if either certain parts of individual preferences are
refrained from being counted in social choice (thereby constraining the applicability of
the Pareto rule) or the individual’s rights-exercising is constrained by the maximin jus-
tice considerations, a minimal amount of personal liberty in a Paretian society may be
guaranteed. As a conclusion we may suggest that one of the prerequisites for a liberal
Paretian society is to develop individual attitudes which respect and care for each other’s
liberty and well-being. From a slightly different angle, we may put the general implica-
tion of our analysis as follows. Just as we needed stronger informational basis (than what
is compatible with the independence of irrelevant alternatives axiom) in circumventing
Arrow’s impossibility theorem, it is necessary to look beyond the set of individual pref-
erence orderings and to secure stronger informational basis for collective decision if we
wish to be successful in reconciling the libertarian claim with the Paretian ethics.

Appendix

1. Let X be the set of all alternatives and let K denote the set of all non-empty finite
subsets of X. A binary relation R is a subset of X x X. The asymmetric component of
R is defined by

P(R) = {(z,y) : (v,y) € R & (y,2) ¢ R}.
R is said to be
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(a) complete iff (z,y) € R or (y,z) € R for all z and y in X,
(b) acyclic iff there exists no {z',z%.... 2"} € K such that (z*,2*') € P(R) for all
pw=1,2,...,t—1and (2%, 2') € P(R),
(c) consistent iff there exists no {z!,z%...,2'} € K such that
(z',2%) € P(R), (z*, ") € R
forall u=2,...,t—1and (z',2') € R,
(d) transitive iff (x,y) € R and (y, z) € R imply (z,2) € R for all z,y and z in X,
(e) asymmetric iff R = P(R), and
(f) an ordering iff it is complete and transitive.
Some clarifying comments on the concept of consistency might be in order. As is
easily verified, the transitivity of R implies the consistency thereof, while the consistency

of R implies its acyclicity. In each case, the converse is not true in general. In order to
see this, let R' and R? be defined on X = {x,vy, 2} by

R' = {(x,9), (y,2), (z,9)}

and
R? = {(%,9), (y,2), (z,9), (z, 2), (z,2)}.

Then R! is consistent but not transitive, while R? is acyclic but not consistent. The
difference between transitivity and consistency disappears, however, if R happens to be
complete. To verify this, suppose that R is complete but not transitive. Then there exist
x,y and z such that (z,y) € R, (y,2) € R and (z,z) ¢ R. R being complete, we then
have (z,2) € P(R), (z,y) € R and (y,2) € R, so that R is not consistent. Therefore a
complete R is consistent iff it is transitive.

2. It might help if we give an alternative formulation for acyclicity and consistency. For
any two binary relations R' and R? on X we define the composition of R' and R? by

R'R* = {(z,y) : (z,2) € R" & (2,y) € R? for some z € X}.
Given a binary relation R we define a sequence {R™}2 | of binary relations by
RW = R, R™ = RR™Y (n > 2).
The transitive closure of R is then defined by
T(R) = U, R™.
In these terms R is acyclic iff T(P(R)) N A = (), while R is consistent iff
P(R)T(R)NA =,

where A is the diagonal binary relation on X. Noticing that T(P(R)) C P(R)T(R) it
immediately follows that a consistent relation is acyclic.

3. Let R' and R? be two binary relations. We say that R? is an extension of R' iff (i)
R' C R?, and (ii) P(R') C P(R?). In this case we also say that R! is a subrelation of R%.
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If R? is an extension of R! and that R? is an ordering, we say that R? is an order-extension
of R'. In view of the subtle difference between transitivity and consistency, it seems quite
intuitive that the following extension theorem is true, although it is non-trivial in its full
generality.

Lemma 1* (Suzumura [13, Theorem 3]). A binary relation R has an order-extension
iff R consistent.

This proposition generalizes Szpilrajn’s basic theorem to the effect that every quasi-
ordering has an order-extension.” It should be noticed that there may well exist multiple
order-extensions of a given consistent binary relation.

4. Let R be any binary relation on X. For any S € K, the set of all R-greatest points of
S is defined by:

G(S,R)={z:2€ S & (z,y) € R for all y € S}.
The following neat result is important.

Lemma 2* (Sen [9, Lemma 1*]). G(S, R) is non-empty for all S € K iff R is

complete and acyclic.

5. A choice function C on K maps any S € K into a non-empty subset C'(S) of S. Thanks
to Lemma 2%, a complete and acyclic binary relation R generates a choice function C' on

K defined by
C(S)=G(S,R) for all S € K. (1%)

Conversely a choice function C' on K is said to be rational iff there exists a binary relation
R satisfying (1%). In this case R is called a rationalization of C'. A rational choice function
whose rationalization is an ordering is said to be full-rational. See Suzumura [12 & 14]
for the characterization of rational and full-rational choice functions.

6. Just as we defined in the above the composition of binary relations, we may define
the composition of protected spheres, which enables us to present a less loaded definition
of the coherent rights-assignment. Namely the rights-assignment D = (Dy, Dy, ..., D,,)
is coherent iff

(x,x) ¢ DyyD,;, ... D;, forall z € X

for every non-constant sequence {i1,4s,...,9} with i, € N (u=1,2,...,k).

7. Finally we prove our basic Lemma 1.

"See Szpilrajn [15]. As a matter of fact Szpilrajn was concerned with partial orderings (rather than
quasi-orderings) but the proposition referred to is a simple corollary of his theorem. See also Arrow [1,
p.64].
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Proof of Lemma 1. Let D = (Dy,Ds....,D,) be coherent and take any n-tuple
(R1, Ra, ..., Ry) of orderings. Define @ by

QZ:D’Lle (2217277n> andQ:U;’lleZ (2*>

We show that () is a consistent binary relation. Suppose to the contrary that there exists
{z', 22, ..., 2'} € K such that (2!, 2%) € P(Q), (a*, 2" ) e Qforall py =2,...,t—1 and
(z',2') € Q. By definition, (z!,z?) € P(Q) iff (z',2?) € Q; for some i, and (22, z1) & Q;
for all 7, so that we have (z',2%) € P(Q;) for some i. Therefore there exists an i* for
each p=1,2,...,t such that (z',2?) € P(Qqn), (z*,2™) € Quu (u=2,...,t — 1) and

(2", 2") € Q.
It follows that (i) {4',i2,...,4'} is not a singleton set, and (ii)
(", 2"t € Dy (u=1,2,,...,t—1)

and (2',2') € Dyu. Therefore D contains a critical loop, a contradiction. Now that Q
turns out to be consistent, there exists an order-extension R of ) by virtue of our Lemma
1*. By construction we have @; C @ C R and P(Q) C P(R). If we can show that

P(Q:) C P(Q),

we are home. Suppose therefore that there exists (x,y) € P(Q;) such that (y,x) € Qg
for some 7. But D then contains a critical loop, a contradiction.

To prove the converse, suppose to the contrary that D is not coherent. Then we have
a critical loop in D: (2!, 2?) € Dy, (2%, 23) € Dy, ..., (2", 2') € Dy Let (Ry, Ro, ..., Ry)
be an n-tuple of orderings satisfying:

(1, 2%) € P(Qn), (2%, 23) € Qy2, ..., (z', 21) € Qy. (3%)

Since {i',7?,...,i'} cannot be a singleton set, there is no contradiction in supposing (3*).
Let R be an order-extension of @); (i = 1,2,...,n). Then (3*) implies that

(z',2%) € P(R),(z*,2°) € R,..., (2", 2") € R,

in contradiction with the transitivity of R. This completes the proof. ||
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Chapter 14
Liberal Paradox and the Voluntary
Exchange of Rights-Exercising”

1 Introduction

Among many recent contributions on the logical (in)compatibility of the Paretian ethics
and the libertarian claims, initiated by Sen’s [11, Chapter 6*] theorem on the impos-
sibility of a Paretian liberal, Gibbard’s [3] analysis, which culminates in the edifice of
the alienable rights system, deserves particular scrutiny. It tries, among other things,
to call due attention to “a strong libertarian tradition of free contract,” according to
which “a person’s rights are his to use or bargain away as he sees fit.”! Searching ex-
aminations of the Gibbard’s system have already been put forward by Karni [7], Kelly
[8; 9, Chapter 9], Sen [12, Sect. IV] and Suzumura [14], but it seems to us that there
remain many important points to be made on this interesting contribution. The purpose
of this chapter is to point out that Gibbard’s system of alienable rights in a revised
version proposed by Kelly [8; 9 Chapter 9] represents a standard for individual liberty
which cannot be met by any universal collective choice rule. That is to say, it is logically
impossible to construct a collective choice rule with unrestricted domain, which realizes
the Gibbard-Kelly system of alienable rights. This clearly contradicts Kelly’s assertion
to the effect that “[the revision| causes no significant changes in the theorems that make
up Gibbard’s libertarian claim.”? This is unfortunate, since Kelly’s revision seems to be
rather persuasive. To the extent that Kelly’s proposed revision is acceptable, therefore,
the workability and reasonableness of Gibbard’s scheme seem to be in serious doubt. At
the very least, the edifice of the alienable rights system should be evaluated with this
subtlety in mind. In passing, we will examine the possibility and limitation of resolving

*First published in Journal of Economic Theory, Vol.22, 1980, pp.407-422. Reprinted in C. K. Rowley,
ed., The International Library of Critical Writings in Economics, Vol.27, Social Justice and Classical
Liberal Goals, Cheltenham, Glos.: Edward Elgar, 1993, pp.483-498. I am grateful to Professors Kiyoshi
Kuga and Jerry S. Kelly, whose incisive comments on Suzumura [14] led me to reexamine Gibbard’s
system of alienable rights. Thanks are also due to an anonymous referee of Journal of Economic Theory
for his/her helpful suggestions.

LGibbard [3, p.397]. See also Barry [1, p.166].

ZKelly [8 ,p.144; 9, p.148].
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the liberal paradox via the metarational exercising of rights a la Howard [4-6] in view of
the similarity between the prisoners’ dilemma and the Paretian liberal paradox, which
was pointed out by Fine [2].

2 Gibbard’s Consistent Libertarian Claim and Kelly’s
Revision Thereof

2.1. Let N = {1,2,...,n} denote the finite set of individuals (n > 2) and let X stand for
the set of all conceivable social states. What we call a social state is a list of impersonal
and personal features of the world. Letting X, and X; stand respectively for the set of
all impersonal features of the world and the set of all personal features of the individual
i € N, the set of all social states, X, is now given by X = Xy x (IL;en X;). It is assumed
that Xy and X, are finite with at least two elements each. R; denotes a weak preference
(at least as good as) relation of the individual i € N. We assume that R; is an ordering
on X, being complete [for all x and vy, (z,y) € R; and/or (y,z) € R;] and transitive
[for all z,y and z, (z,y) € R; and (y,2) € R; imply (z,2) € R;]. The strict preference
relation P(R;) is defined as usual by (z,y) € P(R;) < [(z,y) € R; & (y,x) ¢ R;]. The
indifference relation I(R;) is defined by (z,y) € I(R;) < [(z,y) € R; & (y,x) € R;].
A list R = (Ry,Rs,...,R,) of individual weak preference orderings will be called a
profile. A collective choice rule (CCR) is a function F' which represents a method of
amalgamating each profile R = (Ry, Ra, ..., R,) into a social choice function C on the
family S of all finite nonempty subsets of X : C' = F(R). When an S € § is specified
as a set of realizable states, C'(S) denotes the nonempty set of socially chosen states.
In what follows, we will be concerned with constructing a CCR which may amalgamate
every logically possible profiles.

Condition U (Unrestricted domain). The domain of our CCR consists of all logically
possible profiles.

2.2. As a matter of notational convention, we let Xy = Xy x X3 x ... x X;_; x
Xit1 X ... x X, and, for each i € N and each x = (zo,21,...,2,) € X, xy;( =
(X0, T1y oy i1, Tig, - - -, Tp). Furthermore, if x; € X; and z = (20, 21, - -+, Zi—1, Zit1, - - » Zn)

€ X)i(7 then ($i§ Z) = (207 21y ey Zie1y Tiy Zigly e - - ,Zn). We define D; by
Di={(z,y) € X x X|z)y = vy (i €N).

Therefore if (z,y) € D;, x and y may possibly differ only in the specification of i’s personal
feature. Call D = (Dy, Dy, ..., D,) the Gibbardian rights system or the decomposable
rights system.

2.3. The CCR should also be so designed, a naive libertarian might claim, that it
endows the special say to the ith individual over each and every pair (z,y) € D; in the
following sense:
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Condition GL(1) (Gibbard’s first libertarian claim). For every profile R = (Ry, Rs, . . .
R,), every i € N, and every z,y € X, if (z,y) € D; N P(R;), then [x € S = y ¢ C(9)]
for all S € S, where C = F(R).

An unfortunate fact is that there exists no CCR which satisfies this naive libertar-
ian claim together with Condition U. This is Gibbard’s first impossibility theorem [3,
Theorem 1] on the libertarianism.

2.4. It is now time we formulate two versions of the Pareto rule.

Condition EP (Ezclusion Pareto). For every profile R = (Ry, Rs, ..., R,) and every
z,y € X, if (x,y) € NienP(R;), then [x € S =y ¢ C(5)]forall S € S, where C = F(R).

Condition IP (Inclusion Pareto). For every profile R = (Ry, Ra, ..., R,) and every
z,y € X, if (z,y) € NienP(R;), then [{xr € S& y e C(S)} = x € C(S)] for all S € S,
where C' = F(R).

Let x and y be such that everyone in the society strictly prefers x to y. Then Condition
EP requires that the CCR prohibit y from being chosen from every environment where
x is available, while Condition IP requires that the CCR be such that x is chosen from
every environment where x is available and y is chosen. Clearly EP, which is a quite
common formulation of the Pareto rule, is a stronger requirement on CCR than IP.?

2.5. Turn now to Gibbard’s second libertarian claim, which goes as follows.

Condition GL(2) (Gibbard’s second libertarian claim). For every profile R = (R, R,

.., Ry,), every S € S, every i € N, and every z,y € X, if (z,y) € D; N P(R;) and

(35 29i(), (Wis 2yi¢)) € P(R;) for all 2y, such that (43 2)5(), (435 29i) € S, then [z € § =
y ¢ C(S)], where C' = F(R).

In Condition GL(1), it is required that the CCR allow each and every individual to
exercise his right (x,y) € D; whenever he happens to prefer z to y. In contrast, Condition
GL(2) does not necessarily allow the de facto individual preferences to rule the roost: It is
required in GL(2) that the CCR protect the right (z,y) € D; only when the ith individual
prefers the distinguishing feature z; of x unconditionally to the corresponding feature y;
of y. Clearly GL(2) represents a milder libertarian claim than GL(1). Nevertheless, there
exists no CCR which satisfies GL(2), EP, and U. This is Gibbard’s second impossibility

3It might be of some interest to present a concrete CCR which satisfies the Condition IP but does
not satisfy the Condition EP. The simplest example is a rule which assigns to each and every profile
R = (R1,Ra,...,R,) a choice function C such that C(S) = S for all S € §. An intrinsically more
interesting example is the magjority closure method (Sen [13, pp. 56, 74]). Let Mg be the simple majority
relation corresponding to a given profile R. Take any S € S and let T (Mg | S) be the transitive closure
of Mr on S. A choice set C}(S) represents a subset of S consisting of the T'(Mp | S)-greatest points in
S. The majority closure method is a CCR which assigns to each R the choice function C%. It is easy to
see that this CCR satisfies IP but not EP.
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theorem [3, Theorem 2] on the libertarianism. A slight generalization thereof is the
following:

Theorem 1. There exists no CCR which satisfies GL(2), IP and U.

Proof. Suppose that there exists such a CCR. Take any ay € Xy and a; € X; (i €
N\{1,2}) and fix them for the rest of this proof. Take x;, 2, € X;, z; # ), where i = 1,2
and define

1 _
X —(CL(),ZL’l,.I'Q,CLg,...,(ln),
2 /
x* = (ag, x1, Th, a3, ..., a,),
3 _ /
X —(CL(),ZL’I,Z'Q,CLg,...,an),
and
4 / /
xt = (ag, 2}, Th, a3, ..., a,).

Let S = {x1, 29, 23,24} € S and let a profile R = (Ry, Ry, ..., R,) be such that
Ri(S) : at, 23 22, 24,
Ry(S) : at, 23, 22, 2!,

and, for all i € N\{1, 2},
Ri({a?,2%}) : 2%, 22,

where R;(S) denotes the restriction of R; on the set S: R;(S) = R;N (S x S).* Clearly,
then, (z',2%) € Dy, (2% 2*) € Dy and (2% z') € Dy. No other individual has right
over these states. Since individual 1 prefers x; to 2} unconditionally and individual 2
prefers x4, to x5 unconditionally, Condition GL(2) implies that 2* ¢ C(S),z* ¢ C(S5), and
z! ¢ C(9) for a choice set C'(S) which corresponds to the specified R and S. Suppose now
z? € C(S). Then we have (22, 2%) € NienP(R;),x* € S and z* € C(5), so that Condition
IP requires that z* € C(S), a contradiction. Therefore we must have C(S) = @, which
negates the existence of a CCR satisfying GL(2), IP and U. B

2.6. A salient common feature of GL(1) and GL(2) deserves particular mention: It is
supposed that the ith individual’s right is exercised in complete negligence of any reper-
cussion from the rest of the society, guided solely by the individual rational calculus.
From this viewpoint, the gist of the Gibbardian impossibility theorems mentioned so far
may be interpreted as the failure of the isolated rational rights-exercising. An ingenious

4Preference orderings are written horizontally with the less preferred states appearing to the right of
the more preferred states, indifferent states, if any, being put together by square brackets.
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proposal crystallized in Gibbard’s third libertarian claim is to make individual’s liber-
tarian rights alienable in cases where the exercise of one’s libertarian rights brings him
into a situation he likes no better than the situation that would otherwise have been
brought about. Gibbard observes that, given an R = (Ry, Rs,..., R,) and an S € S, an
individual ¢ € N has the will as well as the right to exclude y from C(5) if x € S and
(x,y) € D; N P(R;), but his right for the pair (x,y) had better be waived if there exists
a sequence {yi,Ya,...,yr} in S such that

=, (Y, ) € Ri & y# 1, (1)

and
(Vt e {1,2,.. ., A =1} (Yo, yis1) € (NjenP(Ry)) U (Ujem (i3 [Dj N P(R)]). (2)

Let us define a subset W;(R | S) of D;, to be called the waiver set, by (x,y) € W;(R | S)
iff (1) and (2) are true for some sequence {y,},_, in S.

Condition GL(3) (Gibbard’s third libertarian claim). For every profile R = (Ry, Ry, . ..
R,), every S € S, every i € N, and every z,y € X, if (x,y) € D; N P(R;) and
(x,y) ¢ Wi(R|S), then [zx € S =y & C(S)], where C = F(R).

Clearly this is a claim which differs essentially from GL(1) and GL(2) in that it
is explicitly recognized that an individual’s rights-exercising may induce unfavorable
responses of the others which might well nullify the benefit for which the initial exercising

was intended. Gibbard has shown that GL(3) represents a Pareto-consistent libertarian
claim; i.e., there exists a CCR which satisfies GL(3), EP, and U.5

2.7. Kelly [8; 9, Chapter 9] claims to have found some “flaws” in Gibbard’s definition
of the rights-waiving rule and proposes two revisions thereof, the first of which goes as
follows®. Let a profile R = (Ry, Ry, ..., R,) and a set of realizable states S € S be given.
An individual ¢ waives his right for (x,y) € D;, namely that (z,y) € W*(R | 5), iff there
exists a sequence {y1,ys,...,yr} in S satisfying

=z & (y,41) € P(Ry), (3)
and (2).

Condition KL(1) (Kelly’s first libertarian claim). For every profile R = (Ry, R, . . .,
R,), every S € S, every i € N, and every x,y € X, if (z,y) € D; N P(R;) and (x,y) ¢
WHR|S), then [x € S =y ¢ C(5)], where C' = F(R).

The only difference between GL(3) and KL(1) lies in the contrast between (1) and
(3). The reason behind this revision is that “in forcing the move from y to = by exercising
°Gibbard [3, Theorem 4].

6As a matter of fact, Kelly proposes the third revised version. For our purpose it is not necessary to
get into this complicated proposal, however.
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[(z,y) € D;, the individual i| does not seem to have gotten into trouble if he is forced
in the end to take a y; where he is indifferent between y; and y. Waiving might be
appropriate for a cautious exerciser if [(y, y1) € P(R;)] for some [sequence {y1, Y2, . .., yr}],
but not if only [(y,y1) € R; as in (1)]” (Kelly [8, p.141; 9, pp.146-147]).

Going one step further, Kelly proposes his second revised libertarian claim. Suppose
that a profile R = (Ry, Ry, ..., R,) and an S € S are given. This time, an individual 7 is
supposed to waive his right for (z,y) € D;, namely that (x,y) € W*(R | S) iff:

(a) There exists a sequence {y1,¥a,...,yx} in S such that

= & (y,11) € P(Ry), (4)
and
(Ve e {L1,2,... . A= 1}): (e, Yes1) € (NjenP(R;)) U (Ujen\y [D; N P(R))]);  (5)
(b) For any sequence {z1, z2,..., 2} in S such that
2 =1y & (21,y) € P(Ry), (6)
and
(V€ {1,200 N = 1)t (21, 241) € (Myen P(R)) U (Ugen[Ds N PR, (7)
there exists correspondingly a sequence {wy, ws, ..., wy=} in S such that
wy =21 & (y,w1) € P(R;), (8)
and

(\V/t S {17 2, ey A — 1}) (wt,wtﬂ) € (ﬂjeNP(Rj)) U (UjeN\{i} [DJ N P(R])]) (9)

Condition KL(2) (Kelly’s second libertarian claim). For every profile R = (Ry, Ra, . . .,
R,), every S € S, every i € N, and every z,y € X, if (z,y) € D; N P(R;) and
(x,y) ¢ W*(R|S), then [z € S =y & C(S5)], where C = F(R).

The difference between KL(1) and KL(2) is the addition of (b) in the definition of

W:*(R | S), which says basically that any sequence {21, 22, . . ., 2\« } which seems to repair
in the eyes of the individual i the damage caused upon him by a sequence {y1,y2, ..., yr}
will be made ineffective by some other, out-of-control sequence {wy,ws, ..., wyw}.

3 Impossibility Theorems

3.1. Taken by themselves, these proposed revisions may seem to be fairly persuasive
and, according to Kelly [8, p.144; 9, p.148], “it causes no significant changes in the
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theorems that make up Gibbard’s libertarian claim.” The truth is, however, that Kelly’s
reasonable-looking revisions to Gibbard’s libertarian claim change it into a standard for
individual liberty which cannot possibly be met, as the following impossibility theorems
show.

Theorem 2. There exists no CCR which satisfies KL(1) and U.
Theorem 3. There exists no CCR which satisfies KL(2) and U.

To prove these theorems, note first that, for every profile R = (Ry, Ry, ..., R,) and
every S € S, the following set-inclusions are true.

Wi (R ] S) cWi(R|S) CWi(R|S) (10)

for all i € N. Clearly, then, KL(2) is a stronger libertarian claim than KL(1), so that we
have only to prove Theorem 2, Theorem 3 being a corollary thereof.

Proof of Theorem 2. Suppose that F' is a CCR which satisfies KL(1) and U. Let
S = {x', 2% 2% 2} € S be defined as in the proof of Theorem 1 and let a profile
R = (Ry, Ry, ..., R,) be such that

There is no restriction on R; for i € N\{1,2} whatsoever. It is clear that (z',z*) € Dy,
(z*,2%) € Dy, (23,2*) € Dy and (22, 2') € Dy. No other individual has right over these
pairs of states. Consider the pair of states (x',23) € D; N P(Ry). The worst which
could happen to individual 1 after his exercise of (z',2%) € D; is the counterexercise
by 2 of (2?,2') € Dy in view of (z?,2') € P(Ry). (Note that there is no state in S
which strictly Pareto-dominates x'.) Since 2% and z* are indifferent to individual 1 and
z? # 2%, GL(3) would let 1 waive his right over (z!,z?), but KL(1) does allow 1 to
exercise his right over (z',23): (z!,2%) € Wy (R | S)\W;(R | S). Similar reasoning
leads us to (z*,22) € Wi(R | S)\Wy(R | S),(23,2%) € Wo(R | S)\W5(R | S) and
(22, 2) € Wa(R | S)\W3(R | S). By virtue of the Condition KL(1) it then follows that
C(S) =0, a contradiction.

3.2. Kelly’s first revised libertarian claim thus brings back an impossibility. A fortiori,
his second (and stronger) revised libertarian claim is inconsistent with the existence of
a universal CCR. One may thereby be tempted to conclude that the system of alienable
rights is something like a fragile glasswork which may be easily smashed to pieces while
giving the last finish to it. To be fair, however, one should not forget to examine whether
the finishing touch was an appropriate one.

Back, then, to the contrast between GL(3) and KL(1), i.e., the contrast between (1)
and (3). Stipulation (3) was recommended in place of (1), because, in forcing the move
from y to = by exercising (z,y) € D;, individual ¢ does not lose anything even if he is
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forced in the end to take a y; such that (y,y;) € I(R;) and y # y;. Note, however,
that he does not gain anything either. Note also that the rights-exercising in Gibbard’s
system places very heavy demands on the information gathering and processing’, so that
the rights-exercising would be unwise unless it yielded a positive gain. This argument, if
accepted, would favor (1) rather than (3) and would necessitate the following modification

of KL(2). Given a profile R = (R, Rs,...,R,) and an S € S, define the waiver set
WP (R | S) by (z,y) € WP(R | S) iff:

(a) There exists a sequence {y1,¥ya,...,yx} in S such that

=, (Y, 1) € Ri & y# 1, (11)

and

(Vt € {1,2,.. ., A =1} (Y, yes1) € (NjenP(Ry)) U (Ujempy [D; N P(Ry))); - (12)

(b) For any sequence {z1, z2,..., 2} in S such that
2 =1y & [(21,y) € P(R;) V 21 =y (13)
and
(Vie{L,2,..., A" = 1}): (21, 2e41) € (NjenP(R;)) U (Ujen[D; N P(R;))), (14)
there exists correspondingly a sequence {wy,ws, ..., wy=} in S such that
Wy = 21, (y,w1) € Ry & y # wy, (15)
and

(Ve {1,2,..., A" = 1}): (wy, win) € (NjenP(R))) U (Ujen\a[D; N P(R;)]),  (16)

for all « € N. Utilizing this modified definition of the waiver set, we now put forward the
following;:

Condition GKL ( Gibbard-Kelly libertarian claim). For every profile R = (Ry, R, ..., R,),
every S € S, every i € N, and every z,y € X, if (z,y) € D;NP(R;) and (z,y) ¢ W?(R |
S), then [z € S = y ¢ C(S)], where C = F(R).

How does GKL fare in the context of universal CCRs? That it fares no better than
KL(1) and KL(2) is the thrust of the next theorem.

Theorem 4. There exists no CCR which satisfies GKL and U.

Proof. Suppose that F is an eligible CCR. Let S = {z',z% 2% 2'} € S and R =
(R1, Ra, ..., R,) be the same as in the proof of Theorem 2. Consider now the pair of states

"Kelly [8, p.141; 9, p.146].
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(2, 2%) € Dy N P(Ry). The worst situation which individual 1’s exercise of (:L‘l, ) € Dy
may induce is the counterexercise by 2 of (2, 2') € D, in view of (z%,21) € P(RQ)
Individual 1 may then exercise (x*, 2%) € D; N P(R;) to secure z*, which 1 prefers to
Is there any nullifying sequence? The worst which could happen to 1 is the exercise by
2 of (2%,2%) € D,, which does not require 1 to waive his right (z',2%) € D; according
to the definition of WP (R | S).® Therefore GKL ensures that 23 ¢ C(S). By the same
token we may verify that

[(z*,2?) € Di N P(Ry) & (x
[(z%,2') € DyN P(Ry) & (x

l\’)rlk

2?) ¢ WP(R | 9)] = 2* ¢ C(S
v) ¢ WI(R|S)] = ' ¢ O(S
and

(2%, 2%) € Dy N P(Rp) & (2%, 2%) ¢ WP(R | §)] = 2% ¢ C(S),
so that we obtain C(S) = 0, a contradiction. B

3.3. If we examine the profile which we utilized in proving Theorems 2, 3, and 4, it
turns out that both 1 and 2 are expressing preferences which are conditional on the other’s
selection of his personal feature: 1 prefers z; to « if 2 has x9, while he prefers 2/ to
if 2’s choice is x4 and vice versa. Probably it is too much to ask for the existence of a
universal CCR which protects individual’s mere conditional preferences. On reflection, we
need only require the existence of a CCR which protects individual’s libertarian rights so
far as the relevant individual expresses unconditional preference for his personal features.
Therefore, let N(R | S) be the set of individuals having unconditional preferences, given
a profile R and an available set S € S, i.e.,i € N(R|S) iff (z,y) € D;N (S x S)NP(R;)
always implies that ((z;; 2)i(), (yz,z),()) € P(R;) for all z), such that (z;;2)) € S and
(i; 2)i() € S. The relevant waiver set will then have to be specified thus: (z,y) € D; will
be waived, i.e., (z,y) € WX(R | S) iff either (i) i € N\N(R | S), or (ii) the following
conditions hold true:

(a) There exists a sequence {y1,¥ya,...,yx} in S such that

=, (y, ) € R &y # 1,

2

8Two clarifications might be in order here. First, from 22, something else may happen (besides 1
exercising his right (z*,2?) € D;) if the Pareto-dominance relation is weakened from N;enP(R;) to
P(NienR;). That is to say, if (#3,2%) € R; for all i € N\{1,2} and ifin (12), (14) and (16) all instances
of Nien P(R;) are replaced by P(N;enR;), x> might be picked over 22 by a Pareto-dominance. It is
clear, however, that this possibility does not affect our conclusion 